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Exercise 13

Repeat Exercise 11 for sinz. Assume that [ is not an integer multiple of 7. (Hint: First find the
series for e'*.)

Solution

The Complex Fourier Series

The complex Fourier series of sin x is

o
sinx = E cnemm/l.

n=—oo

To determine the coefficients ¢, multiply both sides by e/l where m is an integer. We
assume that n # m for now.

00
(sin x)e—zmwx/l _ Z Cnezmm:/le—zmﬂz/l

n=—oo

Integrate both sides with respect to = over the interval (—I,1).

l I
/ (sin :L,)e—zmwx/l dr = / Z Cneznwm/le—zmﬂx/l dz
-1 -1

n=—oc
Write the sine function in terms of exponential functions.
/l 762':0 —e” e immz/l gy — /l i cp et n=mIme/l go.
2 s
Bring the constants in front of the integrals.
1 [t . 4 > L
% 7[(6” — e*””)eﬂm”/l dx = nzoo Cn /l eln=m)ma/l go.

Multiply both sides by 21.

l e l
/ (eixefimﬂ'a:/l - 67ix67im7rx/l) dr = 2i § : Cn/ ei(nfm)ﬂ':(;/l dr
—1 -l

n=—oo

Split up the integral on the left side into two and combine the exponential functions.

l l oo l
/ eiw(l—mﬂ'/l) dr — / e—i:c(l—i-mw/l) dr = 2i Z Cn/ ei(n—m)ﬂx/l dr
-l -l -l

n=—oo

Evaluate the integrals.

l
1 ix(1—mm /1)

1 _
s o —iz(14+mm /1)
i1 —mn/l)° ‘

—1 _i(l +m7r/l)

l 0 l
1 A
- 9% 2 : - i(n—m)max/l
; ! ¢ i(n — m)7r/le .

n=-—oo
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Multiply both sides by /.

o) l

l 2 1 (n—m)mz/
_ = . i(n—m)mz/l
o Z n i(n—m)7r/l6 _

-1 n=-—00

: 1
+ e—i:p(1+m7r/l)

L ia(i-mm/1)
. l+mm

Il —mm

Multiply both sides by the least common denominator (I — mn)(l +mm) = 12 — m?72.

l l

(I + mﬂ_)eim(l—mw/l) + (- mﬂ_)e—ix(l—i-mrr/l)

—1 -

00 l

2 1 .
— 212 — 22 - i(n—m)mrxz/l
l( e )n:z_:ooc z'(n—m)ﬂ/l6 _
Now plug in the limits.
1+ mr ei(lfmﬂ) N e*’i(lfmﬂ) +(=mn efi(l+m7r) _ 6i(l+m7r)
( ) J+( ) ]
2 > 1 , .
— 212 — ;22 . i(n—m)r _ _—i(n—m)m
l( e )n:z_:ooc i(n—m)7r/l[e ¢ ]

Use Euler’s formula to write each exponential function in terms of sine and cosine.
(I + mm) {[cos(l — mm) +isin(l — mm)] — [cos(l — mm) — isin(l — mm)]}

+ (I — mm) {[cos({ + mm) — isin(l + mn)] — [cos(l + mm) + isin(l + mn)]}

_ _%(ZQ — m2n?) Z - WM+ isin[(n —m)m]
n=-—oo =0
— cosl(n—my] + i sinl(n — m)]}
=0

We find that every term in the infinite series is zero if n # m as a result of the integral. The
n = m term is all that remains on the right side.

(I + nm) {[cos(l — nm) + isin(l — nw)] — [cos(l — nw) — isin(l — nw)|}
+ (I = nm) {[cos(l + nm) — isin(l 4+ nm)] — [cos(l + nw) + isin(l + n7)|}
9 !
= —7(l2 - n2772)cn/ ¥ dx
-1
Simplify the left side and evaluate the integral on the right side.
2
(Il + nm)[2isin(l — nm)] + (I — nm)[—2isin(l 4+ nm)] = _7(l2 —n*1)e, - 2
Divide both sides by 2.
: : 200 2 2
(I +nm)sin(l — nw) — (I — nm)sin(l + nw) = —;(l —nm)ey

Expand the sines.

. B . o . . __cg2_ 22
(Il + nm)(sinl co(s le)ﬂ cosla?ronr) (I —nm)(sinl co(s 711)7T + coslsnizﬂ) : (I* = n*m%)cy,
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Simplify the left side.

(4 nm)(—1)"sinl — (I — nm)(—1)"sini = —%(F — 2%,

Combine like-terms.

Solving for ¢,,, we have

inm(—1)"*1sinl
12 — n2n2

Cp =

Therefore, the complex Fourier series of sinz on (—[,1) is

sing — Z inm(—1) Smlemm/l
12— n2r2 :
n=—oo

The Real Fourier Series

To obtain the real Fourier series, split up the sum.

-1 . . :
i — Z inm(—1)"*sinl ginma/l o szr (—1)n+t smlemm/l

12 — n2x2 — n2x2
n=-—00 n=1

Substitute n = —k in the first sum and n = &k in the last sum.

—1 . . oo . .
i(—k)m(—=1)"F*+1sinl (kY1 ikm(—1)**1 sinl ikl
- Z 2 (—k)2r2 (hmall 4 Z 2 _ j2g2  © /

—k=—o00 k=1

k essentially runs from 1 to oo in the first sum. Also, (—1)7*F+1 = (—1)k+1,
)k+1

zkﬂ' DFlsinl ikm(—1 sinl
_ —1 ﬂx/l ikrx/l
= Z k:27r2 ¢ ; 2 _ 2.2 ¢

Combine the two sums.

k+1 : k41 .
_ Z Zk‘ﬂ' smle ikl | ikm(—1) Slnlezkm«/l
k2ﬂ_2 12 _ 272

Factor the summand.

Zlkﬂ- k+1 sinl(_ 71‘]@7(1/1_’_ z’km/l)
B — k2m? ‘ ‘

Use Euler’s formula to write the exponential functions in terms of sine and cosine.

2. ikm(—1)*t1sinl B kpa . . kmx N /S«kﬁ/Jr' . kmx
l2 — k27T2 CO I 781N I CO I 7 81n I

i
I
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Simplify the result.

[o¢] . .
kr(—1)(—=1)*sin k
sinx = Z ! W(lz z(k2732 St (21’ sin 7lm>
k=1
2 2kn(—1)Fsinl | knx
- Z 12 — k242 Sin l
k=1

B ) = k(=DF | knzx
—(27rs11[1l)kz::1l2 123 Si

Replacing the dummy index k with n, therefore, the real Fourier series for sinz on (—[,1) is

(=)™ sin 7Y
in
—n2n? l

sinz = (2msinl) Z l2n

n=1
1.0+

0.5

—0.5¢

—-1.0+

Figure 1: This is a sample plot of y = sinx on (—3,3) in blue. An approximation to the Fourier
series of sin x is plotted in red, where only the first 3 terms in the infinite series have been used.
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